In this note we find a 6-dimensional h-spaces of the [(21 . . . 1)(21 . . . 1) . . . (1 . . . 1)] type and then determine quadratic first integrals of the geodesic equations of these h-spaces.
Introduction
The aim of this paper is to investigate the 6-dimensional pseudo-Riemannian space V 6 (g ij ) with signature [+ + − − −−]. In particular, we find a metrics of 6-dimensional h-spaces of the [(21 . . . 1)(21 . . . 1) . . . (1 . . . 1)] type and then determine quadratic first integrals of the geodesic equations of these h-spaces. The metrics of h-spaces of the [2211] type has been obtained by the author [Z1] . The general method of determining pseudo-Riemannian manifolds that admit some nonhomothetic projective group G r has been developed by A.V.Aminova [A] and has got a detailed account in the paper by the author [Z2] for the h-spaces of the type [51] .
In order to find the h-spaces admitting a nonhomothetic infinitesimal projective transformation, one needs to integrate the Eisenhart equation
which, in the skew-normal frames, is of the form [A] X r a pq + n h=1 e h (a hq γh pr + a ph γh qr ) = g pr X q ϕ + g qr X p ϕ (p, q, r = 1, . . . , n), Substituting the canonical forms g pr and a pq from (3) into (2) and taking into account that for the type [22(11)] h-spaces λ 5 = λ 6 ,1 = 2,2 = 1,3 = 4,4 = 3,5 = 5,6 = 6, one gets the following system of equations X r λ 2 = 0 (r = 2), X r λ 4 = 0 (r = 4), X r λ 6 = 0,
where σ = 5, 6, s = 2, 4, γ 56r are arbitrary. All others γ pqr are equal to zero.
The system of linear partial differential equations
where ξ q i are the components of skew-normal frames, is completely integrable if and only if the following conditions are fulfilled (see [E] and [A] )
Using formulas (4) and (5), one can write down the commutators of the operators X i (i = 1, . . . , 6) in the h-spaces under consideration,
(X 2 , X 4 ) = −e 2 γ 242 X 1 − e 1 γ 142 X 2 + e 4 γ 424 X 3 + e 3 γ 324 X 4 ,
(X 5 , X 6 ) = −e 5 γ 565 X 5 + e 6 γ 656 X 6 , where p = 1, 3, q = 2, 4, σ, τ = 5, 6 (σ = τ ).
After coordinate transformation x i ′ = θ i (x), where θ i are solutions of the completely integrable systems from (6), one gets
where α = 1, 2, 3, 4.
Now integrating the system of equations (6) with using (4) and (7), one can find the components ξ i j of skew-normal frames. Using these results and the formulas [A] 
e h e l a hl ξ
we can calculate the components of tensors g ij and a ij . Then we come to the following Theorem 1. If a symmetric tensor h ij of the characteristics [22(11)] and a function ϕ satisfy in V 6 (g ij ) equation (1), then there exists a holonomic coordinate system so that the function ϕ and the tensors g ij , h ij are defined by the formulas
where ǫ,ǫ = 0, 1, f 2 = ǫx 2 , f 4 =ǫx 4 + a, λ, c and a are some constants, a = 0 whenǫ = 0,
, ω(x 4 ) are arbitrary functions, θ = 0 when ǫ = 0, ω = 0 whenǫ = 0,
, e 2 , e 4 = ±1.
The metrics of the h-spaces of the [2(21)1], [2(211)] types
Substituting the canonical forms g pr and a pq from (3) into (2) and taking into account that for the type [2(21)1] h-spaces λ 4 = λ 5 , one gets the following system of equations X r λ 2 = 0 (r = 2), X r λ 5 = 0, X r λ 6 = 0 (r = 6),
where σ = 5, 6, s = 2, 6, γ 45r are arbitrary, all others γ pqr are equal to zero.
The commutators of the operators X i (i = 1, . . . , 6) in the h-spaces of the [2 (21)1] type have the form
(X 1 , X 4 ) = −e 5 γ 541 X 5 , (X 1 , X 5 ) = −e 4 γ 451 X 3 , (X 1 , X 6 ) = −e 2 γ 261 X 1 , (X 2 , X 4 ) = e 3 γ 324 X 4 + e 4 γ 424 X 3 − e 5 γ 542 X 5 , (X 2 , X 5 ) = e 5 γ 525 X 5 − e 4 γ 425 X 3 , (X 2 , X 6 ) = −e 2 γ 262 X 1 − e 1 γ 162 X 2 + e 6 γ 626 X 6 , (X 3 , X 4 ) = −e 5 γ 543 X 5 , (X 3 , X 5 ) = −e 4 γ 453 X 3 , (X 3 , X 6 ) = −e 4 γ 463 X 3 , (X 4 , X 5 ) = −e 4 γ 454 X 3 + e 5 γ 545 X 5 , (X 4 , X 6 ) = −e 3 γ 364 X 4 − e 4 γ 464 X 3 + e 5 γ 546 X 5 , (X 5 , X 6 ) = e 4 γ 456 X 3 − e 5 γ 565 X 5 .
The systems X i θ = 0 (i = 2), X j θ = 0 (j = 4), X k θ = 0 (k = 6) are completely integrable and have the following solutions: θ 2 , θ 4 , θ 6 . The systems X 3 θ = X 4 θ = X 5 θ = X 6 θ = 0, X 1 θ = X 2 θ = X 3 θ = X 6 θ = 0 and X 1 θ = X 2 θ = X 6 θ = 0 are completely integrable too. The first system has the solutions θ 1 and θ 2 , the second system has the solutions θ 4
and θ 5 , the third system has the solutions θ 3 , θ 4 and θ 5 . After coordinate transformation
where p = 1, 2, 3, s = 3, 4, 5, 6, q = 1, 2, 6. Now integrating the system of equations (14) with using (13) and (15), and then calculating the components of tensors g ij and a ij we come to the following results
where ǫ = 0, 1, f 2 = ǫx 2 , λ and c are some constants, θ(x 2 ), ω(x 4 , x 5 ), f 6 (x 6 ) are arbitrary function, θ = 0 when ǫ = 0, i 1 , j 1 = 1, 2, i 2 , j 2 = 3, 4, 5, e 2 , e 4 , e 5 , e 6 = ±1.
After same computations for h-spaces of the [2(211)] type, we obtain
where ǫ = 0, 1, f 2 = ǫx 2 , λ, c are some constants, θ(x 2 ), ω(x 4 , x 5 , x 6 ), g στ (x 4 , x 5 , x 6 ) are arbitrary function, θ = 0 when ǫ = 0, p, q = 3, 4, 5, 6, σ, τ = 5, 6, e 2 , e 4 = ±1.
Let us formulate these results in following theorem. 
The metrics of the h-spaces of the [(22)11], [(221)1] types
For the h-spaces of the [(22)11] type from (2), we get the following system of equations
where σ, τ = 5, 6, s = 2, 4, γ 24r are arbitrary, while all others γ pqr are equal to zero.
In this case the system of equations in components ξ i j of skew-normal frames has the
where α, β = 1, 2, 3, 4, p = 1, 3, q = 2, 4, σ, τ = 5, 6, ξ
Integrating 12 • and 13 • , after coordinate transformation x 5 , x 6 one gets
Differentiating g αβ = 
where p, r = 1, 3. Integrating this equations, one gets
where F pr , F pq are functions of the variables x 2 , x 4 .
After same calculations for the h-spaces of the [(221)1] type one obtains
where λ, c are some constants. Here for the h-spaces of the [ (22) 5 The metrics of the h-spaces of the [ (2211) 
where r, q = 5, 6, λ, c are some constants, θ, g 12 , g 34 , g rq are functions of the variables
for the h-spaces of the [(22)(11)] type
where θ, ω are functions of the variables x 2 , x 4 , g στ are functions of the variables x 5 , x 6 , λ 1 , λ 2 , c are some constants, here λ 1 = λ 2 , i 1 , j 1 = 1, 2, i 2 , j 2 = 3, 4, σ, τ = 5, 6, for the h-spaces of the [(21)(21)] type
where θ is a function of the variables x 2 , x 3 , ω is a function of the variables x 5 , x 6 , λ 1 , λ 2 , c are some constants, λ 1 = λ 2 , i 1 , j 1 = 1, 2, 3, i 2 , j 2 = 4, 5, 6. Now we have the following theorem. and a function ϕ satisfy in V 6 (g ij ) equation (1), then there exists a holonomic coordinate system so that the function ϕ and the tensors g ij , h ij are defined by formulas (30)-(38). For every solution h ij of equation (1) there is a quadratic first integral of the geodesic equations (see [A] , [Z2] )
whereẋ i is the tangent vector to the geodesic. 
